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1. Take advantage of the fact that R"" is only slightly changed from R* to reduce the computation

to O(M) ; these algorithms are called Fast Recursive Least Squareds algorithms; all methods
proposed so far have stability problems and are dangerous to use.

k+1

i "|::"rlf_1|" Palp_g — ¥ _nEu_n—j . e
Recursive/y’ P (1) = Toa” (D Tuit = ZuWTunt i i critically stable, so people usually do

(1— ) ||'|=._H"" L

)+ TeXh—i

2. Find a different approach to solving the optimization problem that doesn't require explicit
inversion of the correlation matrix such as steepest decent m,ethod and LMS.

Note: Adaptive algorithms involving the correlation matrix are called Recursive least Squares (RLS)
algorithms. Historically, they were developed after the LMS algorithm, which is the slimplest and most
widely used approach O (M). O(M?)RLS algorithms are used in applications requiring very fast
adaptation.
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if W is too large, the iterations could bounce
back and forth up out of the bowl. However, if U is too small, it could take many iterations to approach

the bottom. In summary, the gradient descent algorithm for solving the Weiner filter problem is:
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Note that e’ itself is a very noisy approximation to E(ek2 ). We can get a noisy approximation to the
gradient by finding the gradient of ei’! Widrow and Hoff first published the LMS algorithm, based on
this clever idea, in 1960.
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Example 1: The LMS Adaptive Filter Algorithm

Ty tl..'é"
M1 vk Ti—1 w
. " el r = rk _
=y — Uy =dy — E (wizp—;) = dp — X* W f W=
i=0 "
Th—ni+1 Wy 4

Ly, = WX = T M0 (whay )
2ep =dy — U
WL — Wk _ Uk — W (—26,X%) = WP 2uaX® (wht = wf 4
TR
The LMS algorithm is often called a stochastic gradient algorithm, since Vs a noisy gradient.
This is by far the most commonly used adaptive filtering algorithm, because
e jtwas the first
e jtis very simple
e in practice it works well (except that sometimes it converges slowly)
e it requires relatively litle computation
e jt updates the tap weights every sample, so it continually adapts the filter
e jttracks slow changes in the signal statistics well

Computational Cost of LMS

To Compute Vi & we = Total
multiplies M 0 M+ 1 M + 1
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adds M1 1 M M

So the LMS algorithm is O (M) per sample. In fact, it is nicely balanced in that the filter computation
and the adaptation require the same amount of computation.

Note that the parameter u plays a very important role in the LMS algorithm. It can also be varied with
time, but usually a constant u ("convergence weight facor”) is used, chosen after experimentation for a
given application.

Tradeoffs

large u: fast convergence, fast adaptivity

small u: accurate W= less misadjustment error, stability

Complex LMS

LMS for complex data and coeficients (such as quadrature communication systems) takes the form
e = Hf'-,u,{_'r Xi

2y, = dy — 1y,

Wis = Wi + 2uep Xw

It is derived in exactly the same way as LMS, using the following complex vector difieren- tiation

formulas
A
. WHymry — o
W (PPW) =0
i
— _'[_."J"." —
- (W7P) =2P
d

L (WHRW) = 2RW
aw -'

or by difierentiating with respect to the real and imaginary parts separately and recombining the
results.
Normalized LMS

In "normalized" LMS, the gradient step factor u is normalized by the energy of the data vector:
i

HMLME = TR+ . = .
A X +0 where o is uznally %

awd @ js g very small number introduced to prevent division by
zeroif i A s very small.
Wit = Wy + ﬁg\.;{,\.
The normalization has several interpretations
e corresponds to the 2nd-order convergence bound
e makes the algorithm independent of signal scalings
e adjusts W' to give zero error with current input: W' Xk = dk
e minimizes mean effort at time k + 1
e NLMS usually converges much more quickly than LMS at very little extra cost; NLMS is very
commonly used. In some applications, normalization is so universal that "we use the LMS

algorithm” implies normalization as well.



Yv-4 Lo (5 kud e Y

LMS VARIANTS: Block LMS
The weight vector of the FIR filter is held constant for a few iterations while an improved estimate of

the performance surface gradient is obtained.

LMS VARIANTS: Variable Step Size
The value of u is chosen large at the beginning and then is progressively reduced to a smaller size to

iterate closer to the optimum value.

LMS VARIANTS: Leaky LMS

This variation is addressed to systems with small wordlengths where round-off noise is fed back to
adaptive weights and accumulates in time without bound leading to overflow.

A small bias factor b , which is slightly less than one, is built in to bias each weight toward zero on

each iteration counteracting the effect of noise build up:
Wisr = b Wi 4 2pe Xy

LMS VARIANTS: Sign Error LMS
The computation needed by the adaptive algorithm can be reduced to zero multiplications and N

additions using only the sign of the error signal (and making u be a power of two):

Weg1 = Wi — posigafes] Xi
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Beyond LMS $-f-4
FIR adaptive filter algorithms with faster convergence. Since the Wiener solution can be obtained on
one step by computing Wop: = R-'P, most RLS algorithms attept to estimate R~ and P and compute Wop:
from these. There are a number of O (N°) algorithms which are stable and converge quickly. A number
of O (N) algorithms have been proposed, but these are all unstable except for the lattice filter method.
This is described to some extent in the text.
The adaptive lattice filter converges quickly and is stable, but reportedly has a very high noise floor.
Many of these approaches can be thought of as attempting to "orthogonalize" R, or to rotate the data
or filter coeficients to a domain where R is diagonal, then doing LMS in each dimension separately, so
that a fast-converging step size can be chosen in all directions.
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Frequency-domain methods

Frequency-domain methods implicitly attempt to do this: If
QRQ' is a diagonal matrix, this yields a fast algorithm. If Q is ¥ Q Q X
chosen as an FFT matrix, each channel becomes a difierent
frequency bin. Since R is Toeplitz and not a circulant, the FFT
matrix will not exactly diagonalize R, but in many cases it comes very close and frequency domain
methods converge very quickly. However, for some R they perform no better than LMS. By using an
FFT, the transformation Q becomes inexpensive O (NlogN). If one only updates on a block-by-block
basis (once per N samples), the frequency domain methods only cost O (logN) computations per
sample. which can be important for some applications with large N. (Say 16,000,000)

Adaptive IIR filters

Adaptive IIR filters are attractive for the same reasons that lIR filters are attractive: many fewer
coeficients may be needed to achieve the desired performance in some applications. However, it is
more dificult to develop stable IIR algorithms, they can converge very slowly, and they are susceptible
fo local minima. Nonetheless, adaptive IIR algorithms are used in some applications (such as low
frequency noise cancellation) in which the need for IIR- type responses is great. In some cases, the
exact algorithm used by a company is a tightly guarded trade secret.

Most adaptive IIR algorithms minimize the prediction error, to linearize the estimation problem, as in
deterministic or block linear prediction.

Due to the slow convergence and the dificulties in tweaking the algorithm parameters to ensure
stability, IR algorithms are used only if there is an overriding need for an IIR-type filter.

Adaptive Interference (Noise) Cancellation Js\s5 g pg g Si>  V-F-4
il 5 BT 4 o, 5lopd 5 cmile Heige sl Bl 4y Jlie sl ol i85 &g Son 0 b 35 5 g5 i Gun
2,5 ojLal lg so
JoIad Bde (0
WS axg B S
Elag*] =FE ['15;.- + g — %f.'f]?] =E [s*] +2E [s3 (ns — )] + E [':'”'.k- - ‘Sf;.-i'z]

S 4+ We assume sk, nk, and n'x are zero-mean signals, and that sk
W is independent of nkand n. Then

« (] : . )
y, S E[su(ny— )] =E [s]E [ne— ] =0
M - E[a] =E [s7] + B [(m — )]
/ Since the input signal has no information about sk in it

E[&*] can only afiect the second term, which is
W = Rpn "' Pon

minimizing
the standard Wiener filtering problem, with solution
active suspension system  wuile Gusi oo

039 9 ool kb Cod A Gl et )L,

Hykzlevel of car bedy .. d = constant S (o e g ol 8leee
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INTERFERENCE IN ECGs
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The signal comes from a man's chest, taken at a sample rate of 1 Khz. The output of the adaptive
system was obtained using the following parameters:

Algorithm: LMS

Order of the FIR filter: 2

Stability factor (mu): 1e-6

Initial weights vector: w1 = 0.052

w2 =-0.020

Noise reference input: 50 Hz cosinewave
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Noise Cancellation. The speech signal to be transmitted (perhaps a mobile phone in a car) is spectrally
masked by noise, from, for example a car engine. By using an adaptive filter, we can attempt to minimise the
error by fuding the correlation between the noise at the signal microphone and the (correlated) noise at the
reference microphone.

Signa
=< Microphone .
AR I
- N ET Py [
& s | N o
Rk |
A
| - P e
) (i : + th)
e L# adaptive LR _ ;
NIOISE = | - Filter + T + Racamrar
EIErEncE
pricraphone | i -&D—"»Jliq,t"—'lﬁaﬂ:rw
|
1

VAVAVAS

Weadtannas By srllis  A-F-A

Unkcnown - N
3 } > <
System + n

For instance, suppose the 'unknown system'is a fifth order FIR filter with the following weights:
w1 =0.3835

w2 =0.1926
w3 =-0.4994
w4 = 0.3649
wb =-0.7682

Now suppose we apply a white noise input signal (X' in the picture above).. The system will adapt itself
yielding zero output).

Broadband
whils noiss
=ignal

This works perfectly when the system to be identified has got a frequency response that matches that
of a certain FIR filter. But what happens if the 'unknown system' is a all-pole filter? Then the FIR filter
will try its best

Inverse system Identification 1-f¥-4
Channel Equalisation. In order to equalise (or inverse identify the telephonechannel) an
identical pseudo-random binary sequence is set up at both ends of the telephone call. This is
equivalent to the implicit connection shown. If indeed the error does adapt to e(k) = 0 then d(k) =y(k) =

S(k-D) where D is the delay of the signal through the channel. Therefore after an initial training mode
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we can switch to data transmission mode and the adaptive filter will perform (zero-forcing)equalisation.
Data equalisation for cable and mobile channel equalisation has a number of varied implementations

and additional processing elements to produce decision feedback equalisers, blind

— = Impliitconnection, L _ _ . _ _ o L
i- Training R
1
| Cialay
I Hz) Giz) o i
tr
pmlas 5% Telephone “"»k:"_ Adaptive MLE) _ £(k) N
Training C harnel Fitter 2 i
PR hd
» foe s
Westwood, LosAngelas, U5A Eastwoad, Glasgow, Lk

equalisers using decision directed mode and so on.

Prediction \.-¥-4

Adaptive Echo Cancellation 45| $i>

The adaptive filter is first trained by passing white noise through the telephone channel, ensuring the
far-end signal b(k)=0 , and thus performing an adaptive system identification on the echo path. After
adaption at time if the error e(k) =0 then the adaptation is switched off and the signal at the earpiece is
essentially : e(k) = Echo - PseudoEcho + b(k) ~= b(k) and the echo has been cancelled. Clearly the
echo canceller has to be of sufficient impulse response to model the echo path, and the adaption time
must be short enough to be an acceptable to the callers - these are the decisions of the DSP
engineer. This type of echo control is also used in V32 modems where the microphones are replaced by

binary data sources.
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CDMA interference suppression.

If a broadband (stochastic) signal has interference from a narrowband (periodic) source we can use a
prediction architecture such that when the adaptive filter attempts to find the correlation between d(k) and y(k)
only the narrowband signal can be correlated. Hence when performing d(k) - y(k) the narrowband signal is
attenuated and we find that e(k) ~= s(k) . One application for this type of predictive architecture for broadband
spread spectrum CDMA signals interfered with by a narrowband jammer.
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Summary of Adaptive Filtering Methods  \\-¥-4
1. LMS - remains the simplest and best algorithm when slow convergence is not a serious issue
(typically used) O (N)
2. NLMS - simple extension of the LMS with much faster convergence in many cases (very commonly
used) O (N)
3. Frequency-domain methods - ofier computational savings (O (logN)) for long fil- ters and usually
ofier faster convergence, too (sometimes used; very commonly used when there are already FFTs in
the system)
4. Lattice methods - are stable and converge quickly, but cost substantially more than LMS and have
higher residual EMSE than many methods (very occasionally used) O (N)
5. RLS - algorithms that converge quickly and are stable exist. However, they are considerably more
expensive than LMS. (almost never used) O (N)
6. Block RLS - (least squares) methods exist and can be pretty eficient in some cases. (occasionally
used) O (logN), O (N), O fiN2fi
7. lIR - methods are dificult to implement successfully and pose certain dificulties, but are sometimes
used in some applications, for example noise cancellation of low frequency noise (very occasionally
used)
8. CMA - very useful when applicable (blind equalization); CMA is the method for blind equalizer
initialization (commonly used in a few specific equalization applications) O (N)
Note: In general, getting adaptive filters to work well in an application is much more challenging than,
say, FFTs or lIR filters; they generally require lots of tweak- ing!

131 sl jialyy HZJm1H1-0.527) i 5l sidis gma i 98 o b csopyg 4y JUom 5y, jloat o)) i e
il sy 3g3 ol lade ar lagial il )55 LT jlde agd o s oF jglailas 333 ge e RLE (g, 0
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clear all
%input and output vectors of the assumed unlnown system
n=5;u=ones(1,n);y=filter(1,[1,-.5],u);
%model structure
%y(n)=al *y(n-1).......+ap*y(n-p)+b0*u(n).... +bq*u(n-q)
Y%for this example
p=1,9=0;l=p+q+1;phi=zeros(l,1);
%initial value for teta and pee
teta=zeros(l, 1);pee=100*eye(]),tet=zeros(L,n);
%phi vector arrangement
fori=l:n
for j=1:p
if i-j<1 phi(j)=0; else phi(j)=y(i-j);end

end
for j=0:q
if i-<1 phi(p+j)=0;else phi(p+j+1)=u(i-j);end

end
tet(;,i)=teta ;
%l vector calculation
K=pee*phi/(1+phi'*pee*phi(
%new estimate for teta
teta=teta+ 1 *K*(y(i)-phi"*teta(
pee=(eye(l)-K*phi‘)*pee
end
plot(tet’)
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